We concentrate on the cosmological properties in the Tsujikawa model (TM) of viable f (R) gravity with the dynamical background evolution and linear perturbation theory by using the CosmoMC package. We study the constraints of the cosmological variables along with the model parameter from the current observational data. In particular, we show that the matter density fluctuation is suppressed and the constraint of the neutrino mass sum is relaxed in the TM, which are similar to other viable f (R) models. In addition, we discuss the parameters of the deceleration and equation of state for dark energy in the TM and compare them with those in the ΛCDM model. a
I. INTRODUCTION
To describe the accelerating expansion of the universe, the ΛCDM model [1] is the simplest candidate. However, this simplest version has the so called "cosmological constant problem," which is related to the "fine-tuning" [2, 3] and "coincidence" [4] [5] [6] problems. People have been motivated by these issues to explore new theories beyond ΛCDM, such as those with the dynamical dark energy [7, 8] . A typical way is to modify the standard general relativity (GR) by promoting the Ricci scalar of R in the Einstein-Hilbert action to an arbitrary function, i.e., f (R) [9] . In addition, many viable f (R) gravity models have been developed in the literature [9] to satisfy the theoretical and observational constraints. The most popular ones are Hu-Sawicki [10] , Starobinsky [11] , Tsujikawa [12] , and exponential [13] [14] [15] [16] f (R) gravity models, in which the first three have been extensively examined in the literature, such as the recent one in Ref. [17] , whereas the last one, i.e. the Tsujikawa model (TM), has not been systematically explored yet, which is our concentration in this study.
The TM of the viable f (R) models, first proposed by Tsujikawa in 2007 [12] , is written as f (R) = R − λR ch tanh R R ch ,
where λ is the dimensionless model-parameter and R ch corresponds to the constant characteristic curvature in the model. The TM has a simpler form than most of other f(R) models as it contains only one model-parameter beyond ΛCDM, which can be regarded as a similar type of the exponential f (R) model [18] , but has a different form in the functional structure, which could result in some different cosmological behaviors in the numerical results.
It is known that the viable f (R) gravity can well describe the power spectrum of the matter density fluctuation [19] [20] [21] [22] [23] [24] and the formation of the large scale structure (LSS) [25] [26] [27] [28] in the universe. To investigate the dynamical dark energy behaviors, we reply on the existing open-source programs. However, most of them are written with either the parametrization in term of the equation of state or the background evolution being the same as the ΛCDM model [23, 24] . Recently, the allowed parameter spaces of the cosmological observables in the viable f (R) gravity models with the dynamical background evolution have been explored in Ref. [17] . In this work, we will use the same method to examine the TM. In particular, we will show the allowed windows for the active neutrino masses, dark energy density and Hubble parameter as well as other cosmological parameters, such as the deceleration and equation of state for dark energy. In addition, since the first detection (GW150914) of gravitational waves by the LIGO Collaboration [29] , the gravitational radiation has been believed to be a new tool to test GR and search for new physics. Beyond GR, the gravitational waveforms of the modified gravity theories have been discussed in the literature [30] [31] [32] . It is possible that the TM and other f(R) models may be stringently constrained by the future gravitational wave detectors.
In this paper, we take the open source program of the Modification of Growth (MG) with
Code for Anisotropies in the Microwave Background (CAMB) [33, 34] , which is designed to examine the dynamical dark energy model. In order to put the TM into the program of MGCAMB, we modify the growth equations of the scalar perturbations and density fluctuations in the Newtonian gauge. We also include the dynamical background evolution of dark energy [23, 24] instead of the ΛCDM one, and use the MG Cosmological MonteCarlo (MGCosmoMC) [35, 36] together with the latest data from the cosmological observationas.
The paper is organized as follows. In Sec. II, we present the TM of viable f (R) gravity.
In Sec. III, we show the cosmological evolutions in the TM. In particular, we include the perturbation equations of the dynamical background evolution. In Sec. IV, we show the constraints from the cosmological observational data. Finally, our conclusions are given in the Sec. V.
II. TSUJIKAWA MODEL OF VIABLE f (R) GRAVITY
The modified Einstein Hilbert action of the f (R) gravity models is given by
where κ 2 = 8πG with G the Newton's constant, g stands for the determinant of the metric tensor g µν , f (R) is an arbitrary function of the Ricci scalar R, and S M corresponds to the action of the relativistic and non-relativistic matter. After the variation of g µν in the action, we obtain the modified field equation:
where 
where a(t) is the scale factor. The 00 component of Eq. (3) gives the modified Friedmann equation,
while the trace of the linear combination of Eq. (3) leads to the modified Friedmann acceleration equation,
where the dot "·" stands for the derivative with respect to the cosmic time t, H ≡ȧ/a is the Hubble parameter, and ρ M = ρ r + ρ m (P M = P r + P m ) represent the energy density (pressure) of relativistic (r) and non-relativistic (m) fluids. Comparing with the origin
Friedmann equations, we can get the dark energy density and pressure as follows:
The equation of state of dark energy is defined by
Following the same procedures in Refs. [10, 16] , we can simplify Eqs. (5) and (6) to a second order differential equation,
with
where (10) denotes the derivative with respect to ln a. Using the differential equation in Eq. (10), the cosmological evolutions can be calculated through the various existing programs in the literature. Consequently, the deceleration parameter q is found to be
As the TM is one of the popular viable f (R) gravity models, the conditions for the viability must be satisfied. For example, the TM has the following viable properties: (a) when for the TM and ΛCDM, respectively. We see that the difference between the two models in Fig. 1 is less than 1% in the whole expansion history of the universe. There are two reasons.
The first one is that the initial energy density ratios of matter and dark energy in the two models are close to each other. The second one is that the TM is a ΛCDM-like theory, in which it gives only a tiny contribution to the total energy density before the dark energy dominated era. In Fig. 2 , the behaves of the deceleration parameter in the two models are similar when z > 0.2. The TM starts to have an accelerated expansion of the universe at z = 0.688, compared with z = 0.649 in the ΛCDM model. In the present time, the difference is within 0.3%. Clearly, it is hard to distinguish these two models by either H or q.
As one of the characteristics in the viable f (R) models, the behavior of the TM approaches the cosmological constant when z is large. In Fig. 3 , the effective energy density is almost constant in the early time, which is smaller than the present dark energy density. When z < 1.0, it starts to rise and fall slightly. The equation of state evolution is shown in Fig. 4 .
For the TM, it indeed oscillates and crosses the phantom divide line as mentioned in
Ref. [37] .
In Fig. 5 , we show the cosmological evolutions of the normalized Ricci scalar R/m as mentioned in Ref. [38] . This term can also help the models to have a steady performance in the R evolution.
From Ref. [39] , we know that the scalaron mass also affects the propagation of the scalar mode of the gravitational waves. It will make the mode to decay so fast below the cutoff frequency in the viable f (R) models. From the numerical result, we can obtain the cutoff frequency in the background around 10 −17 Hz now in the TM. If the wave propagates in the more dense region, such as the inner galaxy with the density around 10 −24 g/cm 3 , the frequency will rise to infinity. This may be tested in the future stochastic gravitational wave detection.
The TM can be seen as the same branch of the exponential model of viable f (R) gravity.
Compared with the TM, the background evolution in the exponential model illustrates a more sharp variation. The related work has been done in Ref. [17] . We can compare these two models in the linear perturbation theory. In the original CAMB program, we choose the synchronous gauge to do the simulation. But in the open source of MGCAMB, the Newtonian gauge is used to do the calculation, in which the metric is given by [40, 41] 
Under the subhorizon limit, one has that [17] 
where k is the comoving wavenumber and 
As shown in Sec. II, the TM satisfies the viable conditions of 0 < f R < 1 and f RR > 0, which imply two scenarios. Firstly, if k increases, it will cause a larger value of µ(k, a). Secondly, the matter density fluctuations are enhanced due to a larger value of µ(k, a), which is regarded as the scale independent and dependent factors of f
respectively. Besides, if we consider the wavenumber outside the Hubble radius, i.e. k → 0, the scalar perturbation will obey [42] 
where
In the TM and ΛCDM, in terms of Eq. (17), Φ grows as a increases. However, the change rate in the TM is higher than that in the ΛCDM model. With the relation Ψ = (BΦ ′ +Φ)/(1−B), one obtains a smaller value for the effective gravitational potential [42] . Due to the negative 
sign of the second term in the LHS of the modified Poisson equation in Eq. (18), the smaller negative φ ef f would finally enhance the matter density perturbation in the TM. In Fig. 6 , we concentrate on the sub-horizon regime, which is more relevant to the observation. Here, k should be larger than 0.001 to satisfy the sub-horizon limit of k/aH ≫ 1. The result in the TM has a more enhancement than that in the ΛCDM model for the higher value of k. It also relaxes the limit of the neutrino mass sum a little because there is more freedom for a larger value of Σm ν resulting from the suppressed effect. On the other hand, the viable modified gravity models also affect the CMB spectrum through the late-time integrated Sachs-Wolfe effect as shown in Fig. 7 . As the gravitational potential in the TM evolves in different ways comparing with ΛCDM, the figure in the TM declines slightly but still approaches to the ΛCDM result when ℓ < 10. However, for the observational data in this regime, the errors are still large. Strict constraints on the TM of modified gravity can be given from the CMB when more precise measurements of the low-ℓ regime are available.
IV. CONSTRAINTS FROM COSMOLOGICAL OBSERVATIONS
We have used the best fitted values from the MGCosmoMC to evaluate the background evolutions in the previous section. Now we would study the constraints from the cosmological observations. With the MGCosmoMC, the input parameters are given in Table. I and the fitting results are shown in Table. II. In the following, we compare the results in the TM and ΛCDM. First, the best fitted parameters in the TM are close to those in the ΛCDM model. For example, Ω b h 2 bestf it and Ω c h 2 bestf it are almost the same (< 0.1%) in the two models. However, there are also some parameters in the TM, which can deviate from the ΛCDM. In particular, we find that the limit of the neutrino mass sum Σm ν in the TM is about 20% larger than that in the ΛCDM one. This result extends the discuss in the matter power spectrum for Σm ν . Finally, for the contour plots in Fig. 8 , we can see that most of the results in the TM are similar to those in the exponential model mentioned in Ref. [17] , except the model parameter. Note that the model parameter is more sensitive in the exponential model because its 1σ range is obviously smaller than that in the TM.
V. CONCLUSIONS
We have studied the cosmological evolutions of the universe in the TM of viable f(R) gravity, which have also been compared with those in the ΛCDM model. We have found that the results in the TM are not much different from the corresponding ones in the ΛCDM.
We have demonstrated that the transition point from the deceleration to acceleration in our universe is z = 0.688 in the TM, which is higher than z = 0.649 in the ΛCDM model. As a result, the dark energy dominance is slightly pushed up in the TM.
For the large scale structure, the amplitude of the matter power spectrum in the TM is strenghen in k > 0.0013. At k = 0.2 of the linear perturbation limit, the amplitude is about 3.9% larger than that in the ΛCDM. On the other hand, the TM of viable f (R) gravity affects the gravitational potential evolution through the modified Possion equation. In the CMB spectrum, when ℓ < 10, it is sensitive to the change of gravitational potential in the universe history. There is only slightly difference between the TM and ΛCDM in this region, whereby both of them fit very well in other regions. As the current observational data are not accurate enough, it is still possible to test GR and modified gravity models when more future measurements are available. From the contour plots for the parameter fittings, we have displayed that the TM also gives a relaxed constraint on the neutrino mass sum as the other viable f (R) gravity models. In addition, the model parameter in the TM is more sensitive than that in the exponential model. Our numerical results have demonstrated some different features among the viable f (R) models. If we fully clarify the characters of these models and estimate their cosmological evolutions, they can potentially hint about what is next to do in the dark energy research in the future.
